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RIGHT-ANGLED ARTIN GROUPS
AND ENHANCED KOSZUL PROPERTIES
A. CASSELLA AND C. QUADRELLI
Abstract. Let F be a finite field. We prove that the cohomology algebra
H•(GΓ,F) with coefficients in F of a right-angled Artin group GΓ is a strongly
Koszul algebra for every finite graph Γ. Moreover, H•(GΓ, F) is a universally
Koszul algebra if, and only if, the graph Γ associated to the group GΓ has the
diagonal property. From this we obtain several new examples of pro-p groups,
for a prime number p, whose continuous cochain cohomology algebra with
coefficients in the field of p elements is strongly and universally (or strongly
and non-universally) Koszul. This provides new support to a conjecture on
Galois cohomology of maximal pro-p Galois groups of fields formulated by
J. Mina´cˇ et al.
1. Introduction
Right-angled Artin groups — RAAGs for short — are a combinatorial con-
struction that has played a prominent role in geometric group theory in the last
decades. A RAAG is defined by a presentation where all relations are commu-
tators of weight 2 of the generators, which comes equipped with a combinatorial
graph whose vertices are the generators, and two vertices are joined by an edge
whenever they commute. RAAGs may seem the most elementary class among
Artin groups, yet such groups have surprising richness an flexibility, and this led
to some remarkable applications. (For an overview on RAAGs we refer to [1].)
In the present paper we investigate enhanced Koszul properties for the co-
homology of finitely generated RAAGs. It is well known that the cohomology
algebra H•(GΓ,F) =
⊕
n≥0H
n(GΓ,F) of a RAAG GΓ with associated graph Γ,
with coefficients in a finite field F (considered as trivial GΓ-module) and endowed
with the graded-commutative cup-product
Hr(GΓ,F)⊗F H
s(GΓ,F)
∪
−→ Hr+s(GΓ,F), r, s ≥ 0,
is isomorphic to the exterior Stanley-Reisner algebra induced by Γ, and thus it
is a quadratic algebra, i.e., a graded algebra which is generated by elements of
degree 1, and with homogeneous defining relations of degree 2. By a result of
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R. Fro¨berg, the algebra H•(GΓ,F) is also Koszul (cf. [13] and [20]). The Koszul
property for quadratic algebras was singled out by S. Priddy in [27], and yields
exceptionally nice behavior in terms of cohomology (cf. Definition 2.1 below and
[22, Ch. 2]). Koszul property is very restrictive, still it arises in various areas of
mathematics, such as representation theory, algebraic geometry, combinatorics,
and Galois theory.
Recently, some stronger versions of the Koszul property were introduced and
investigated in commutative algebra (see, e.g., [3, 4, 11, 12]) and extended to
the non-commutative setting (cf. [21]), and finally considered in the context of
Galois cohomology (cf. [17, 29]). In particular, one has the notion of strongly
Koszul algebra and universally Koszul algebra. These two “enhanced versions”
of Koszulity are independent to each other, and imply the “simple” Koszulity
(see § 2.2 and [17, § 2]). Usually, checking whether a given quadratic algebra is
Koszul is a rather hard problem. Surprisingly, testing these enhanced versions
of the Koszul property may be easier, even though they are more restrictive.
For RAAGs we prove the following.
Theorem 1.1. Let Γ be a finite combinatorial graph and GΓ the associated
RAAG, and let F be a finite field. The cohomology algebra H•(GΓ,F) is strongly
Koszul.
RAAGs of elementary type are the RAAGs which are constructible starting
from free abelian groups and taking direct products with Z and free products
(see Definition 3.5). Equivalently, GΓ is of elementary type if Γ has the diagonal
property — i.e., Γ does not contain squares or length-3 paths as full subgraphs
(see [39] and Proposition 3.6). E.g., if Γ is complete or a star, then GΓ is of
elementary type. This property characterizes those RAAGs whose cohomology
is universally Koszul.
Theorem 1.2. Let Γ be a finite combinatorial graph and GΓ the associated
RAAG, and let F be a finite field. The cohomology algebra H•(GΓ,F) is univer-
sally Koszul if, and only if, GΓ is of elementary type.
Interestingly, Theorems 1.1 and 1.2 provide plenty of examples of strongly
Koszul algebras which are not universally Koszul.
For a prime number p and a graph Γ, let GΓ denote the pro-p completion of the
RAAG GΓ, and let Fp denote the field with p elements. A result of K. Lorensen
states that the (continuous cochain) Fp-cohomology algebra of GΓ coincides with
the algebra H•(GΓ,Fp) (cf. [16]). Thus, Theorems 1.1 and 1.2 yield several new
examples of pro-p groups with Fp-cohomology which is strongly and universally
(or non-universally) Koszul, in particular among generalized pro-p RAAG, a
class of pro-p groups introduced in [31] (see § 5.1).
This has great relevance in the context of Galois theory. Let K be a field
containing a root of 1 of order p, and let GK denote the maximal pro-p Galois
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group of K — i.e., GK is the Galois group of the maximal pro-p-extension of K.
In the last two decades, Koszulity has gained importance in Galois cohomology,
thanks to the work of L. Positselski, especially in connection with the celebrated
Bloch-Kato conjecture (see, e.g., [23, 25, 26]). In particular, Positselski conjec-
tured that the Fp-cohomology algebra of a maximal pro-p Galois group GK is
Koszul, and this was shown to be true in some relevant cases (cf. [18, 24, 30]).
More recently, in [17] J. Mina´cˇ et al. conjectured that Fp-cohomology algebra of
a maximal pro-p Galois group GK is universally Koszul, and proved this in some
cases.
Conjecture 1.3. [17, Conj. 2] Let K be a field containing a root of 1 of order
p, and suppose that GK is finitely generated. Then the Fp-cohomology algebra of
GK is universally Koszul.
If Γ is a graph with the diagonal property, then it is well known that the
pro-p RAAG GΓ associated to Γ occurs as the maximal pro-p Galois group GK
for some field K containing a root of 1 of order p (see Proposition 5.8 below). On
the other hand, it was recently shown that if Γ is a graph without the diagonal
property, then it can not occur as the maximal pro-p Galois group GK for any
field K containing a root of 1 of order p (see [28, Thm. 5.6] and [34, Thm. 1.2]).
Therefore, from the pro-p version of Theorem 1.2 one deduces the following
Galois-theoretic result.
Corollary 1.4. A pro-p RAAG GΓ has universally Koszul Fp-cohomology if,
and only if, there exists a field K containing a root of 1 of order p such that
GΓ ≃ GK.
This settles positively Conjecture 1.3 for the class of maximal pro-p Galois
groups of fields which are pro-p RAAGs.
Acknowledgment. The authors are grateful to F.W. Pasini, as this paper was inspired
by the talk he delivered at the “Mathematical Salad” seminars at the University of
Milano-Bicocca, Italy, in Dec. 2018, and to the organizers of that talk. Also, the authors
wish to thank P. Spiga for the discussions with him about graphs, and I. Snopce and
M. Vannacci, as the joint work with the second-named author on pro-p RAAGs was also
source of inspiration for this paper.
2. Quadratic algebras and Koszul properties
A graded algebra over a field F is a graded associative algebra A• which de-
composes as direct sum of vector spaces
⊕
n∈ZAn such that An · Am ⊆ Am+n.
Hereinafter every graded algebra A• is assumed to satisfy the following condi-
tions: An = 0 for n < 0, A1 = F, dim(An) <∞; and F is always assumed to be
a finite field.
For a subset S of A•, (S) denotes the two-sided ideal of A• generated by S.
Moreover, A+ denotes the augmentation ideal
⊕
n≥1An of A•. Finally, if S is a
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subset of a vector space V , then 〈S〉 denotes the vector subspace generated by
S.
2.1. Quadratic algebras and Koszul algebras. For a vector space V let
T•(V ) =
⊕
n≥0 V
⊗n denote the tensor algebra generated by V . A graded algebra
A• is called quadratic if there exists an isomorphism of graded algebras
A• ≃ T•(V )/(Ω)
for some vector space V and some subspace Ω ≤ V ⊗ V . We write T•(V )/(Ω) =
Q(V,Ω).
An ideal I E A• inherits the grading from A•, i.e.,
I =
⊕
n≥1
In, In = An ∩ I.
In particular, A+ =
⊕
n≥1An is the augmentation ideal of A•.
Definition 2.1. A quadratic algebra A• is said to be Koszul if it admits a
resolution
· · · // P (2)• // P (1)• // P (0)• // F
of right A•-modules (with trivial action on F), where for each i ≥ 0, P (i)• =⊕
n≥0 P (i)n is a free graded A•-module such that P (n)n is finitely generated for
all n ≥ 0.
We will not need the formal definition of Koszul algebra for our investigation.
For further properties of Koszul algebras we direct the reader to [22, Ch. 2] and
to [18, § 2].
Example 2.2. Let V be a finite-dimensional vector space. The tensor algebra
T•(V ), the exterior algebra Λ•(V ), and the quadratic algebra Q(V, V
⊗2) (called
the trivial quadratic algebra) are Koszul (cf. [15, Exam. 3.2.5]).
Given two quadratic algebras A• = Q(A1,ΩA) and B• = Q(B1,ΩB), one has
the following constructions (cf. [18, Exam. 2.5]).
(a) The direct product of A• and B• is the quadratic algebra A• ⊓ B• =
Q(A1 ⊕B1,Ω), with
Ω = 〈ΩA ∪ ΩB ∪ (A1 ⊗B1) ∪ (B1 ⊗A1)〉.
(b) The wedge product (or skew-symmetric tensor product) of A• and B• is
the quadratic algebra A•∧B• = Q(A1⊕B1,Ω), with Ω = 〈ΩA∪ΩB∪Ω∧〉,
where
Ω∧ = 〈ab+ ba, a ∈ A1, b ∈ B1〉 ⊆ A1 ⊗B1 ⊕B1 ⊗A1.
If both A• and B• are Koszul, then also their direct product and wedge product
are Koszul (cf. [22, § 3.1]).
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2.2. Enhanced Koszul properties. Let A• be a graded algebra. For two
ideals I, J of A•, the colon ideal I : J is the ideal
I : J = {a ∈ A• | a · J ⊆ I}.
In particular, if I = (0), then one has
(0) : J = Ann(J) = {a ∈ A• | a · J = 0}.
Note that for every ideals I, J of A•, one has I ⊆ I : J and Ann(J) ⊆ I : J .
Following [17, § 2.2], we state the definitions of the following three “enhanced
versions” of the Koszul property: strong Koszulity, universal Koszulity, and the
PBW property.
Definition 2.3. (Cf. [17, Def. 12].) A quadratic algebra A• is said to be
strongly Koszul if A1 has a basis X = {u1, . . . , ud} such that for every sub-
set Y = {ui1 , . . . , uik} of X and for every r ∈ {1, . . . , k − 1} the colon ideal
(ui1 , . . . , uir−1) : (uir) is generated by a subset of X .
(See [4,12] for the original definition of the strong Koszulity property in com-
mutative algebra.)
For a quadratic algebra A•, let
L(A•) = {I E A• | I = A• · I1}
denote the set of all ideals of A• generated by a subset of A1. In particular, both
the trivial ideal (0) and the augmentation ideal A+ belong to L(A•).
Definition 2.4. (Cf. [17, Prop. 17].) A quadratic algebra A• is said to be
universally Koszul if for every ideal I ∈ L(A•) and every b ∈ A1 r I1 one has
I : (b) ∈ L(A•).
(See [3, 5] for the original definition of the universal Koszulity property in
commutative algebra.)
Examples 2.5. (a) Set A• = F[a], i.e., A• is the free graded algebra on the
generator a. The augmentation ideal A+ is the ideal (a), and one has
L(A•) = {(0), (a)}. Then (0) : (a) = Ann(a), and therefore (0) : (a) =
(0), which lies in L(A•). Hence, A• is both strongly and universally
Koszul.
(b) Set A• = F[a]/(a
2), i.e., A• is the algebra generated by a and concen-
trated in degree 0 and 1. One has A+ = A1 = (a), and L = {(0), (a)}.
Moreover, (0) : (a) = Ann(a) = A1 ∈ L(A•). Hence, A• is both strongly
and universally Koszul.
One has the following two properties for universally Koszul algebras.
Proposition 2.6. Let A• and B• be quadratic algebras. Then the direct product
A• ⊓ B• is universally Koszul if, and only if, both A• and B• are universally
Koszul.
6 A. CASSELLA AND C. QUADRELLI
Proof. Let assume that A• is not universally Koszul. Then there exists an ideal
I of A•, I ∈ L(A•), and an element β ∈ A1, such that J /∈ L(A•), for J the
colon ideal I : (b).
Set C• = A• ⊓ B•, and let I˜ be the extension of I in C•. Then I˜ = I, as
A+ · B+ = 0. Let J˜ denote the colon ideal I˜ : (b) E C•. Then J˜ = J ⊕B+, and
there exists an element c ∈ J+ ⊆ J˜+ such that c /∈ (J1), and thus c /∈ (J˜1) =
(J1 +B1).
The opposite implication is [17, Prop. 28]. 
Proposition 2.7. [17, Prop. 31] Let A• be a quadratic universally Koszul al-
gebra, and let V be a vector space of finite dimension. Then the wedge product
A• ∧ Λ•(V ) is universally Koszul.
Finally, one has also the notion of PBW generators of a quadratic algebra,
— introduced in [22, Ch. 4] — which generalizes the notion of G-quadratic
commutative algebra (cf. [2]). A quadratic algebra A• = Q(V,Ω) is called a
PBW quadratic algebra if it admits generators for which the non-commutative
Gro¨bner basis of relations consists of elements of degree two (see [15, § 4.3]
and [17, Def. 8]). Namely, consider the lexicographical order ≺ on the set of
multi-indices of length n — i.e., (i1, . . . , in) ≺ (j1, . . . , jn) if, and only if, there
exists 1 ≤ k ≤ n such that i1 = j1, i2 = j2, . . . , ik−1 = jk−1 and ik < jk for
ih, jh ∈ {1, . . . , d}, where d = dim(V ).
Let {v1, . . . , vd} be a basis of V . Then there exists S ⊆ {1, . . . , d}
2 such that
the relations in Ω can be written in the form
vi1vi2 =
∑
(j1,j2)≺(i1,i2)
(j1,j2)∈S
αvj1vj2 , (i1, i2) /∈ S, α ∈ F
(cf. [22, Lemma 4.1.1]).
Definition 2.8. Given A• and S as above, set S
(0) = {∅}, S(1) = {1, . . . , d},
and
S(n) = {(i1, . . . , in) | (ih, ih+1) ∈ S, h = 1, . . . , n− 1} for n ≥ 2.
The elements v1, . . . , vd of a basis of V are called PBW generators of A• if the
set of monomials {vi1 · · · vin | (i1, . . . , in) ∈ S
(n)} is a basis of An for every n ≥ 0.
Such a quadratic algebra is called a PBW algebra.
These “enhanced Koszulity” properties are independent to each other, namely,
none implies any other. On the other hand, if a quadratic algebra has one of
these properties, then it is Koszul. Altogether, one has the following picture (cf.
[17, § 1.2]):
PBW
!)
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
Strong K.

Universal K.
s{ ♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
Koszulity.
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3. Right-angled Artin groups
3.1. Graphs. For the notion of graph we refer to [6, Ch. 1]. A na¨ıve graph is
a pair Γ = (V, E) of sets where E ⊆ [V]2, i.e., the elements of E are unordered
subsets of 2 elements of V, which we shall denote by (v,w) = (w, v), with
v,w ∈ V. The elements of V are the vertices of the graph Γ, the elements of E
are its edges. Moreover, we assume all graphs to have no loops, i.e., (v, v) /∈ E
for any v ∈ V. A graph Γ = (V, E) is said to be finite if it has finite vertices.
Henceforth every graph will be assumed to be na¨ıve and finite. Here we list
some definitions regarding graphs which will be used hereinafter.
Definition 3.1. Let Γ = (V, E) be a graph.
(i) Γ is a complete graph if E = [V]2.
(ii) A star graph is a graph Γ = (V, E) such that V = {w, v1, . . . , vd}, with
d ≥ 2, and E = {(w, v1), . . . , (w, vd)}.
(iii) A full subgraph (or induced subgraph) of Γ is a subgraph Γ′ = (V ′, E ′)
of Γ such that E ′ = E ∩ [V ′]2, i.e., if two vertices of V ′ are joined by an
edge of Γ, then they are joined by an edge also in Γ′.
(iv) For n ≥ 1, a n-clique Γ′ of Γ is a full subgraph Γ′ of Γ with n vertices
which is a complete graph.
(v) For v,w ∈ V, a path from v to w is a subgraph P = (V ′, E ′) of Γ with V ′ =
{v0 = v, v1, . . . , vn−1, vn = w} and E
′ = {(v0, v1), (v1, v2), . . . , (vn−1, vn)},
and n is the length of P . A path is a cycle if v = w.
3.2. RAAGs and cohomology. Let Γ = (V, E) be a graph, with vertices
V = {v1, . . . , vd}. The right-angled Artin group associated to Γ is the group GΓ
with presentation
GΓ = 〈v1, . . . , vd | [vi, vj ] = 1 for (vi, vj) ∈ E〉.
The following is a well known result on RAAGs.
Lemma 3.2. Let Γ be a graph, and suppose Γ decomposes in connected compo-
nents Γ1, . . . ,Γr. Then the RAAG GΓ decomposes as free product GΓ1 ∗· · ·∗GΓr .
Definition 3.3. Let Γ = (V, E) be a graph, with V = {v1, . . . , vd}, and let V
be the F-vector space generated by Vop = {a1, . . . , ad}. The exterior Stanley-
Reisner algebra Λ•(Γ
op) over F associated to Γ is the quotient of the exterior
algebra Λ•(V ) over the two-sided ideal generated by
Ω = 〈ai ∧ aj for (vi, vj) /∈ E , 1 ≤ i, j ≤ d〉 ⊆ Λ2(V ).
Since Λ•(V ) is quadratic and Ω ⊆ Λ2(V ), the algebra Λ•(Γ
op) is quadratic.
While working with the algebra Λ•(Γ
op) we will omit the wedge product ∧ to
denote the product of two elements, and we will just write ab for the product of
two elements a and b of Λ•(Γ
op) — in particular, aiaj will denote the image of
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ai ∧ aj in Λ2(Γ
op). The result of R. Fro¨berg [13] implies that Λ•(Γ
op) is Koszul
for any graph Γ.
The following result describes the F-cohomology algebra of a RAAG (see
[20, § 3.2] and [38, § 4.2.2]).
Proposition 3.4. Let GΓ be the RAAG associated to a graph Γ = (V, E). Then
the F-cohomology algebra H•(GΓ,F) of GΓ is isomorphic to the algebra Λ•(Γ
op).
In particular, Λ•(Γ
op) is Koszul.
Thus, if a graph Γ decomposes into connected components Γ1, . . . ,Γr, then
the F-cohomology algebra of the RAAG GΓ decomposes as direct product of
quadratic algebras
(3.1) H•(GΓ,F) ≃ Λ•(Γ
op) ≃ Λ•(Γ
op
1 ) ⊓ . . . ⊓ Λ•(Γ
op
r ).
3.3. RAAGs of elementary type. By Lemma 3.2, the free product of two
RAAGs GΓ1 ∗GΓ2 is the RAAG with the disjoint union of Γ1 and Γ2 as associ-
ated graph. Analogously, the direct product GΓ × Z of a RAAG GΓ with Z is
isomorphic to the RAAG GΓ˜ where Γ˜ is the cone graph with basis Γ, i.e.,
V(Γ˜) = V(Γ∪˙{w}) and E(Γ˜) = E(Γ)∪˙{(w, v), v ∈ V(Γ)}.
For the following definition we mimic the definition of elementary type pro-p
groups, defined by I. Efrat (cf. [9, § 3])
Definition 3.5. The class of RAAGs of elementary type is the minimal class C
of finitely generated RAAGs such that
(a) Z (considered as RAAGs with associated graph a single vertex) belongs
to C;
(b) if GΓ1 and GΓ2 belong to C, then also GΓ1 ∗GΓ2 belongs to C;
(c) if GΓ belongs to C, then also GΓ × Z belongs to C.
In other words, RAAGs of elementary type are precisely the RAAGs whose
associated graphs are constructible starting from the graph with a single vertex,
via the following operations: disjoint union of graphs; and cones.
Let C4 and P4 denote the cycle of length 4 and the path (non-cycle) of length
3 respectively, namely,
(3.2) C4 =
v1 v4
v2 v3
and P4 =
v1 v4
v2 v3
A graph Γ is said to have the diagonal property if it does not contain a full
subgraph isomorphic to C4 or P4. By the work of E.S. Wolk [39], one has the
following characterization of RAAGs of elementary type.
Proposition 3.6. Let GΓ be a RAAG with associated graph Γ. Then GΓ is of
elementary type if, and only if, Γ has the diagonal property.
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Moreover, by [8], every subgroup of a RAAG GΓ is again a RAAG if, and
only if, Γ has the diagonal property. In particular, every subgroup of a RAAG
of elementary type is again a RAAG of elementary type.
Example 3.7. (a) All graphs with at most 3 vertices have the diagonal
property, and thus yield a RAAG of elementary type.
(b) A star graph Γ is the cone graph with basis a disjoint union of vertices,
and thus GΓ ≃ (Z ∗ · · · ∗ Z)× Z is a RAAG of elementary type.
(c) A complete graph Γ may be obtained as iterated cone starting from a
single vertex, indeed GΓ ≃ Z× . . .× Z is a RAAG of elementary type.
4. RAAGs and enhanced Koszul properties
Let Γ = (V, E) be a graph, with V = {v1, . . . , vd}, and set V
op = {a1, . . . , ad}.
Since the product in Λ•(Γ
op) is graded-commutative, every ideal in Λ•(Γ
op) is
two-sided.
Given indices 1 ≤ i1 < . . . < in ≤ d, one has ai1 · · · ain 6= 0 if, and only
if, there is a n-clique Γ′ of Γ such that V(Γ′) = {vi1 , . . . , vin}. In particular,
Λn(Γ
op) = 0 if there are no n-cliques in Γ — which is always the case if n > d.
Thus, for every n ≥ 1 the set
Bn = {ai1 · · · ain | 1 ≤ i1 < . . . < in ≤ d and ai1 · · · ain 6= 0}
is in 1-to-1 correspondence with the set of all n-cliques of Γ, and it is a basis of
Λn(Γ
op). Moreover, for ∆ = ai1 · · · ain ∈ Bn, we define V(∆) = {ai1 , . . . , ain} ⊆
Vop — namely, V(∆) corresponds to the vertices of the n-clique of Γ associated
to ∆.
Lemma 4.1. For a graph Γ, let S be a subset of Vop and let I E Λ•(Γ
op) be the
ideal generated by S. Then In is the subspace of Λn(Γ
op) generated by
B(S)n = {∆ ∈ Bn | V(∆) ∩ S 6= ∅}.
Proof. We proceed by induction on n. If n = 1 then B(S)n = S. If n ≥ 2, then
by induction one has
In = I1 · Λn−1(Γ
op) + . . . + In−1 · Λ1(Γ
op)
= 〈S〉 · 〈Bn−1〉+ . . .+ 〈B(S)n−1〉 · 〈B1〉
and thus In = 〈B(S)n〉. 
From the above description of Λ•(Γ
op) one deduces easily the following.
Corollary 4.2. Let Γ = (V, E) be a graph. The exterior Stanley-Reisner algebra
A• = Λ•(Γ
op) is a PBW algebra.
Proof. Set S(n) = {(i1, . . . , in) | 1 ≤ i1 < . . . < in ≤ d} for every n ≥ 1. Then
one may write the relations of A• as ajai = αaiaj , with i < j and α = −1 if
(vi, vj) ∈ E and α = 0 otherwise, and moreover a
2
i = 0 for all i. So, the sets
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S(n) are as in Definition 2.8. Thus, the set Vop = {a1, . . . , ad} is a set of PBW-
generators of A•, as {vi1 · · · vin | (i1, . . . , in) ∈ S
(n)} = Bn — which is a basis of
An — for every n ≥ 0. 
4.1. Strong Koszulity. The first result we get is the strong Koszulity of Λ•(Γ
op),
regardless of the graph Γ.
Theorem 4.3. The exterior Stanley-Reisner algebra Λ•(Γ
op) is strongly Koszul
for any graph Γ = (V, E).
Proof. Set A• = Λ•(Γ
op). Our goal is to show that the basis Vop is the suitable
basis of A1 fulfilling the condition as in Definition 2.3.
Fix a subset Y = {ai1 , . . . , ain} of V
op. For 1 ≤ r ≤ n set S ′ = {ai1 , . . . , air−1},
I = (ai1 , . . . , air−1) = (S
′) and
J = I : (air) = {b ∈ A• | air · b ∈ (ai1 , . . . , air−1)}.
Moreover, set S ′′ = {aj ∈ V
op | ajair = 0} and
S = S ′ ∪ S ′′ = Vop r {aj | j /∈ {i1, . . . , ir−1} and ajair 6= 0} .
Note that air ∈ S, as a
2
ir
= 0. In particular, airaj ∈ I if, and only if, aj ∈ S, as
B2 is a basis of A2. Hence, S ⊆ J1, and I ⊆ (S) ⊆ J . We claim that the ideals
(S) and J coincide.
Let b ∈ A• be such that b /∈ (S). Thus, one may write
(4.1) b = α1∆1 + . . .+ αm∆m, αh ∈ F
×,
where ∆h ∈ Bnh for each h ∈ {1, . . . ,m}. By Lemma 4.1, ∆h ∈ (S) — respec-
tively ∆ ∈ (S ′) = I, ∆ ∈ (S ′′) — if, and only if, the intersection of V(∆) with
S — respectively with S ′ and with S ′′ — is not empty. Since b /∈ (S), one has
∆h /∈ B(S)nh for some h in (4.1), and in this case air ·∆h 6= 0. Therefore, one
obtains
airb = air ·
∑
∆h∈(S)
αh∆h + air ·
∑
∆h /∈(S)
αh∆h
=
∑
∆h∈I
αh · air∆h +
∑
∆h /∈(S)
αh · air∆h,
(4.2)
where air∆h ∈ Bnh+1 r B(S)nh+1 and air∆h 6= air∆h′ for every ∆h,∆h′ /∈ (S),
h′ 6= h. (Note that if ∆h ∈ B(S
′′)nh then air∆h = 0.) Consequently, the right-
side summand of (4.2) is not trivial, and by Lemma 4.1 it does not lie in I,
whereas the left-side summand lies in I, so that airb /∈ I. Therefore, b /∈ J , and
this proves the inclusion J ⊆ (S). 
Theorem 1.1 follows from Theorem 4.3 together with Proposition 3.4.
Remark 4.4. Theorem 4.3 provides a new proof of the fact that the algebra
Λ•(Γ
op) is Koszul.
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4.2. Universal Koszulity. The following is a direct consequence of Proposi-
tion 2.6 and of (3.1).
Proposition 4.5. Let Γ be the disjoint union of two graphs Γ1 and Γ2. Then
Λ•(Γ
op) is universally Koszul if, and only if, both Λ•(Γ
op
1 ) and Λ•(Γ
op
2 ) are uni-
versally Koszul.
Theorem 4.6. Let Γ = (V, E) be a graph. The exterior Stanley-Reisner algebra
Λ•(Γ
op) is universally Koszul if, and only if, Γ has the diagonal property.
Proof. Set A• = Λ•(Γ
op) and V = {v1, . . . , vd}.
Suppose first that Γ has the diagonal property. We proceed by induction on
d. If d = 1 then A• ≃ F[a]/(a
2), which is universally Koszul. If d = 2 then either
A• is the exterior algebra generated by V , or it is the trivial algebra generated
by V , with V a space of dimension 2, so that it is universally Koszul.
If d ≥ 3, then either Γ decomposes as disjoint union of two proper full sub-
graphs Γ1 and Γ2, or it is the cone graph with basis a full subgraph Γ˜. In the
former case, both Λ•(Γ
op
1 ) and Λ•(Γ
op
2 ) are universally Koszul by induction, so
that also
A• ≃ Λ•(Γ
op
1 ) ⊓ Λ•(Γ
op
2 )
is universally Koszul by Proposition 4.5; in the latter case one has
A• ≃ Λ•(Γ˜
op) ∧B•, B• ≃ F[b]/(b
2),
and Λ•(Γ˜
op) is universally Koszul by induction, so that also A• is universally
Koszul by Proposition 2.7.
Suppose now that Γ does not have the diagonal property. Thus, Γ contains
a full subgraph Γ′ isomorphic to C4 or P4. Set V = {v1, . . . , vd}, with d ≥ 4,
such that V(Γ′) = {v1, v2, v3, v4}, with the vertices labelled as in (3.2). Also, set
Vop = {a1, . . . , ad} and A• = Λ•(Γ
op).
Set b = a1 + a4, and set J = (0) : (b) = Ann(b). Then
b · a2a3 = a1a2a3 + a4a2a3 = 0,
and a2a3 ∈ J2. We claim that a2a3 /∈ J1 · A1, i.e, a2a3 does not lie in the ideal
generated by J1, so that J /∈ L(A•). Clearly, a2, a3 /∈ J1, as ba2 = a1a2 6= 0 and
a3b = a3a4 6= 0. Suppose there exist c1, . . . , cr ∈ J1 and c
′
1, . . . , c
′
r ∈ A1 such
that c1c
′
1 + . . .+ crc
′
r = a2a3, and write
ch = α1,ha1 + . . .+ αd,had and c
′
h = β1,ha1 + . . .+ βd,had
for each h ∈ {1, . . . , r}, with αi,h, βi,h ∈ F. Since ch ∈ Ann(b) for every h, one
has α2,h = α3,h = 0, otherwise bch = α2,ha1a2 − α3,ha3a4 + ∆, with ∆ ∈ A2 a
combination of elements aiaj with i < j, (1, 2), (3, 4) 6= (i, j), and bch 6= 0 as
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B2 = {aiaj | 1 ≤ i < j ≤ d, aiaj 6= 0} is a basis of A2. Thus, one obtains
r∑
h=1
chc
′
h =
∑
i<j
aiaj
(
r∑
h=1
αi,hβj,h −
r∑
h=1
αj,hβi,h
)
= a2a3
(
r∑
h=1
α2,hβ3,h −
r∑
h=1
α3,hβ2,h
)
+∆
= 0 +∆,
with ∆ ∈ A2 a combination of elements aiaj , (i, j) 6= (2, 3), a contradiction.
Therefore, a2a3 ∈ J2 r J1 · A1, and consequently J /∈ L(A•), and A• is not
universally Koszul. 
Theorem 1.2 follows from Theorem 4.6, together with Proposition 3.4, equa-
tion (3.1) and Proposition 4.5.
In the following two examples we show explicitly that Λ•(Γ
op) is universally
Koszul for two graphs with the diagonal property, without using Proposition 2.7.
Example 4.7. Let Γ = (V, E) be a star graph with V = {w, v1, . . . , vd} and
E = {(w, v1), . . . , (w, vd)}.
w
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
⑤⑤
⑤⑤
⑤⑤
⑤⑤
❇❇
❇❇
❇❇
❇❇
v1 v2 vd
Set Vop = {aw, a1, . . . , ad} and A• = Λ•(Γ
op). Then
A1 = 〈aw, a1, . . . , ad〉,
A2 = 〈awa1, . . . , awad〉 = aw ∧A1,
An = 0 for n ≥ 3.
In particular, aiaj = 0 for all i, j. For I ∈ L(A•) and b ∈ A1 r I1, write
b = αwaw+
∑
i αiai, with αw, αi ∈ F. Set J = I : (b). Then b ∈ J , and moreover
J2 = A2, as A2 ·b ⊆ A3 = 0. If αw 6= 0, then A1 ·b = A1 ·αwaw = A2 = J2, so that
J is 1-generated, i.e., J ∈ L(A•). If αw = 0, then aib = 0 for all i ∈ {1, . . . , d},
and thus ai ∈ J1. In this case, awai ∈ A1 · J1 ⊆ J2 for all i, and therefore
A1 · J1 = A2, so that J is 1-generated, i.e., J ∈ L(A•). Thus, A• is universally
Koszul.
Example 4.8. Let Γ be the graph
v3 v2
v0
⑤⑤⑤⑤⑤⑤⑤⑤
v1
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The graph Γ is the cone with vertex v0 and basis the full subgraph with vertices
v1, v2, v3. Set V
op = {a0, a1, a2, a3}, with ai dual to vi for all i, and A• = Λ•(Γ
op).
Then
A1 = 〈a0, a1, a2, a3〉,
A2 = 〈a0a1, a0a2, a0a3, a1a2, a2a3〉 = A1 ∧ 〈a0, a2〉,
A3 = 〈a0a1a2, a0a2a3〉,
An = 0 for n ≥ 3.
Set
b = α0a0 + α1a1 + α2a2 + α3a3 6= 0.
Without loss of generality we can suppose that either b = a2 (if Ann(b)1 has
dimension 1) or b = a3 (if Ann(b)1 has dimension 2), by performing a change of
basis for A1 inducing an automorphism of A•. For I = L(A•) such that b /∈ I1,
set J = I : (b), and K = Ann(b) ⊆ J . In both cases one has K3 = J3 = A3,
whereas K1 = 〈b〉 and K2 = 〈ba0, ba1, ba3〉, for b = a2, and K1 = 〈a1, a3〉 and
K2 = 〈a0a1, a0a3, a1a2, a2a3〉, for b = a3. Moreover, J1 = K1+ I1. In particular,
K ∈ L(A•) in both cases, so that if I = (0), then J = K ∈ L(A•).
Suppose now that I 6= (0). Then either dim(I3) = 1 or dim(I3) = 2. In
particular, dim(I3) = 1 if, and only if, I = (b
′) for some b′ ∈ 〈a1, a3〉; whereas
dim(I3) = 2 if, and only if, either I = (b
′) for some b′ /∈ 〈a1, a3〉, or dim(I1) ≥ 2.
Altogether, one has the following cases:
(a) Suppose dim(I3) = 1. If b = a3, we may assume without loss of generality
that b′ = a1, so that J2 = K2. If b = a2 then J2 = K2 + 〈a0b
′〉 ⊆ (J1).
(b) Suppose I3 = A3, so that J2 = A2. If b = a3 then one may find b
′′ =
γ0a0 + γ1a1 + γ2a2 ∈ J1 = K1 + I1, with γi ∈ F, (γ0, γ2) 6= (0, 0), so that
a0a2 ∈ (b
′′)2 +K2. Therefore A2 = K2 ⊕ 〈a0a2〉 ⊆ (J1).
If b = a2, then one has two further subcases. If dim(I1) = 1, then one
may find b′′ = a0 + γ1a1 + γ3a3 ∈ J1 = K1 + I1, with γ1, γ3 ∈ F, as
b′ /∈ 〈a1, a3〉 and b = a2, b
′ ∈ J1. Thus A2 = K2 ⊕ 〈a0a1, a0a3〉 ⊆ (J1).
On the other hand, if dim(I1) ≥ 2 and J1 does not contain an element
b′′ as above, then necessarily a1, a3 ∈ J1; in both cases a0a1, a0a3 ∈ (J1)
and A2 = K2 ⊕ 〈a0a1, a0a3〉 ⊆ (J1).
In every case one has J ∈ L(A•).
5. Pro-p groups
5.1. Right-angled Artin pro-p groups. Fix a prime number p, and let Fp
be the finite field with p elements. For a pro-p group G, we consider Fp as
continuous trivial G-module. The continuous cochain cohomology algebra
H•(G,Fp) =
⊕
n≥0
Hn(G,Fp)
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of G with coefficients in Fp, endowed with the graded-commutative cup-product,
is a graded Fp-algebra. In particular, one has isomorphisms of p-elementary
abelian groups
H1(G,Fp) ≃ Hom(G/Φ(G),Fp),
where Φ(G) denotes the Frattini subgroup of G, i.e., the closed subgroup gener-
ated by all gp and [g, h], with g, h ∈ G. For the definition and the properties of
continuous cochain cohomology of pro-p groups we refer to [19, § I.2–I.4].
Given a graph Γ we call the pro-p completion GΓ of the RAAG GΓ a pro-p
RAAG with associated graph Γ. Pro-p RAAG behave pretty much like abstract
RAAGs (see, e.g., [14]). In particular, one has the following result by K. Lorensen
(cf. [16, Thm. 2.6]).
Theorem 5.1. Let Γ be a graph. Then H•(GΓ,Fp) ≃ H
•(GΓ,Fp).
Moreover, one has the “pro-p equivalent” of Lemma 3.2 and of (3.1), namely,
if a graph Γ decomposes into connected components Γ1, . . . ,Γr, then the pro-p
RAAG GΓ decomposes as free pro-p product GΓ ≃ GΓ1 ∗pˆ · · · ∗pˆ GΓr , where ∗pˆ
denotes the free product in the category of pro-p groups (see [32, § 9.1]), and the
Fp-cohomology algebra of GΓ decomposes as direct product of quadratic algebras
(5.1) H•(GΓ,Fp) ≃ Λ•(Γ
op) ≃ Λ•(Γ
op
1 ) ⊓ . . . ⊓ Λ•(Γ
op
r ).
Thus, one may extend Theorem 1.1 and Theorem 1.2 to the class of pro-p
RAAGs.
Theorem 5.2. Let Γ be a graph and GΓ the associated pro-p RAAG.
(i) The Fp-cohomology algebra H
•(GΓ,F) is strongly Koszul and PBW.
(ii) The Fp-cohomology algebra H
•(GΓ,F) is universally Koszul if, and only
if, Γ has the diagonal property.
A class of pro-p groups which are very similar to pro-p RAAGs is the class
of generalized pro-p RAAGs, introduced and studied in [31]. Given a graph
Γ = (V, E), a generalized pro-p RAAG with associated graph Γ is a pro-p group
G generated by V = {v1, . . . , vd} and with defining relations [vi, vj ]v
α
i v
β
i for some
α, β ∈ pZp, if (vi, vj) ∈ E (moreover, α, β ∈ 4Z2 if p = 2). Namely, one has a
presentation (of pro-p group)
G =
〈
v1, . . . , vd
∣∣∣[vi, vj ]vαiji vβiji = 1, (vi, vj) ∈ E , αij , βij ∈ pǫZp〉
pˆ
,
with ǫ = 1 if p > 2, ǫ = 2 otherwise.
A priori, a generalized pro-p RAAG may have Fp-cohomology algebra which is
not quadratic — e.g., a generalized pro-p RAAG G may be a finite group, so that
H•(G,Fp) is not quadratic unless p = 2 and G is 2-elementary abelian (cf. [31,
Ex. 5.16]). Yet, if H•(G,Fp) is quadratic for a generalized pro-p RAAG G with
associated graph Γ, then one has H•(G,Fp) ≃ Λ•(Γ
op), just like (pro-p) RAAGs
(cf. [31, Thm. E]). Hence, by Theorem 4.3 the Fp-cohomology algebra of a
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generalized pro-p RAAG G is strongly Koszul, too. In [31, § 5.5-5.6] uncountably
many examples of generalized pro-p RAAGs are shown to have quadratic Fp-
cohomology algebra — e.g., if Γ contains no triangles as full subgraphs (cf.
[31, Thm. F]). Thus, one may deduce the following.
Corollary 5.3. Let G be a generalized pro-p RAAG with associated graph Γ,
and suppose that H•(G,Fp) is a quadratic algebra. Then H
•(G,Fp) is a strongly
Koszul and PBW algebra. Moreover, it is universally Koszul if, and only if, Γ
has the diagonal property.
Example 5.4. Let G be the pro-p group with presentation
G ≃ 〈w, v1, . . . , vd | [vi, w] = v
αi
i , i = 1, . . . , d, αi ∈ p
ǫ
Zp〉pˆ ,
where ǫ = 1 if p > 2, ǫ = 2 otherwise. Then G is a generalized pro-p RAAG with
associated graph a star graph Γ with center w. Thus, by [31, Thm. F] one has
H•(G,Fp) ≃ Λ•(Γ
op), which is strongly and universally Koszul, and PBW.
Example 5.5. Let G be the pro-p group with presentation
G ≃
〈
v0, . . . , v4 | [v0, vi] = v
αi
0 v
βi
i , [v1, v2] = v
α′
1
1 v
β′
1
2 , [v2, v3] = v
α′
3
2 v
β′
3
3
〉
pˆ
with i = 1, . . . , 4, and αi, βi, α
′
i, β
′
i ∈ p
ǫ
Zp, where ǫ = 1 if p > 2, ǫ = 2 otherwise.
Then G is a generalized pro-p RAAG with associated graph
Γ =
v1
❈❈
❈❈
❈
④④
④④
④
v4 v0 v2
v3
④④④④④
❈❈❈❈❈
The graph Γ is the cone graph with basis the full subgraph with vertices v1, . . . , v4,
and it has the diagonal property. By [31, § 5.6], one has H•(G,Fp) ≃ Λ•(Γ
op),
which is strongly and universally Koszul, and PBW.
Example 5.6. Let G be the pro-p group with presentation
G ≃
〈
v0, . . . , v4 | [v0, vi] = v
αi
0 v
αi
i , [v1, vj ] = v
α′
1 v
β′
j , [v4, vj ] = v
α′′
4 v
β′′
j
〉
pˆ
with i = 1, 4, j = 2, 3, and αi, βi, α
′, β′, α′′, β′′ ∈ pǫZp, where ǫ = 1 if p > 2,
ǫ = 2 otherwise. Then G is a generalized pro-p RAAG with associated graph
Γ =
v1
■■
■■
■■
✉✉
✉✉
✉✉
v2
■■
■■
■■
v0 v3
✉✉
✉✉
✉✉
v4
The graph Γ does not have the diagonal property. By [31, § 5.6], one has
H•(G,Fp) ≃ Λ•(Γ
op), which is strongly Koszul and PBW, but not universally
Koszul.
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One may find a further class of pro-p groups whose Fp-cohomology algebras
are both strongly and universal Koszul. A finitely generated pro-p group is
called uniform if it is torsion-free and Φ(G) ⊆ G¯p
ǫ
, where G¯p
ǫ
denotes the closed
subgroup of G generated by the pǫ-powers of elements of G, where ǫ = 1 if p > 2
and ǫ = 2 otherwise (cf. [7, § 4.1]). For these pro-p groups one has the following.
Proposition 5.7. Let G be a uniform pro-p group. Then the Fp-cohomology
algebra H•(G,Fp) is strongly and universally Koszul, and PBW.
Proof. Set V = H1(G,Fp). Then by [35, Thm. 5.1.5] one hasH
•(G,Fp) ≃ Λ•(V ).
The claim follows from Theorem 4.3 and Theorem 4.6. 
5.2. Maximal pro-p Galois groups. In this subsection K will denote a field
containing a root of 1 of order p. By the positive answer to the Bloch-Kato
conjecture given by M. Rost and V. Voevodsky (cf. [33,36,37]), one knows that
the maximal pro-p Galois group GK of K has quadratic Fp-cohomology algebra
(see, e.g., [28, § 2]). In [17] it is conjectured that GK has universally Koszul
Fp-cohomology algebra (cf. Conjecture 1.3).
Proposition 5.8. If Γ is a graph with the diagonal property, then for any prime
p the pro-p RAAG GΓ associated to Γ occurs as the maximal pro-p Galois group
GK for some field K containing a root of 1 of order p.
Proof. If a finitely generated pro-p group G occurs as the maximal pro-p Galois
group GK for some field K containing a root of 1 of order p, then one has G×Zp ≃
GK((X)), with K((X)) the field of Laurent series in one indeterminate X with
coefficients in K. In particular, Zp = {1} × Zp ≃ GK((X)) with K a p-closed field
(i.e., GK = {1}). On the other hand, if two finitely generated pro-p groups G1,G2
occur as maximal pro-p Galois groups, then also their free product is realizable
as the maximal pro-p Galois group for some field K (cf. [9, Rem. 3.4]).
We proceed by induction on the number d of vertices of Γ. If Γ has the diagonal
property, then GΓ is constructible starting from free abelian pro-p groups by
operating direct product with Zp and free products. Therefore, if d = 1 then
GΓ ≃ Z ≃ GK for some suitable K. If d ≥ 2, then either GΓ ≃ GΓ1 ∗pˆ GΓ2 , with
Γ = Γ1∪˙Γ2; or GΓ ≃ Z× GΓ˜, with Γ the cone graph with basis Γ˜ and the claim
follows by the above argument. 
Remark 5.9. If Γ is a graph with the diagonal property, then the associated
pro-p RAAG GΓ is a pro-p group of elementary type (cf. [9, § 3] and [18, § 4]).
On the other hand, it was recently shown that the only pro-p RAAGs which
may occur as maximal pro-p Galois groups of fields containing a root of 1 of
order p are those associated to graphs with the diagonal property. Indeed, let
C4 and P4 be as in (3.2). The pro-p RAAG GC4 associated to C4 is isomorphic
to the direct product F × F , with F a 2-generated free pro-p group, and by
[28, Thm. 5.6], GC4 — and therefore also any other pro-p RAAG GΓ with Γ
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containing C4 as full subgraph, — is not realizable as the maximal pro-p Galois
group GK for any K. Moreover, I. Snopce and P. Zalesskii recently proved that
GP4 — and therefore also any other pro-p RAAG GΓ with Γ containing P4 as full
subgraph, — is not realizable as the maximal pro-p Galois group GK for any K
(cf. [34, Thm. 1.2]).
From this, together with Proposition 5.8 and Theorem 5.2, one deduces Corol-
lary 1.3.
Remark 5.10. Unlike pro-p RAAGs, not every generalized pro-p RAAG with
associated graph a graph with the diagonal property occurs as the maximal pro-
p Galois group GK of a field K containing a root of 1 of order p, as shown by the
following examples.
(a) Let G be as in Example 5.4. If αi 6= αj for some i, j, then G 6≃ GK for
any field K containing a root of 1 of order p by [10, Ex. 8.3].
(b) Let G be as in Example 5.5. If α1 = β4 = p and β1 = α4 = 0 then G 6≃ GK
for any field K containing a root of 1 of order p by [31, Thm. 5.29].
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